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subtraction result of 0. The result for special cases is selected by multiplexers and directly
passed to the output, bypassing the computation unit and the rounder.

We omit the details of the construction and veribcation of the unpackers, since they are
relatively simple; we refer the reader to [31, 41] for details.

3.2. Rounder

The purpose of the Boating point rounder is to generate a correctly rounded result from
an approximation of the exact result. Furthermore, the rounder computes the overf3ow,
underfBow, and inexact exception signals. In this section we brieRy describe the design of
the rounder, and show how the different parts of the rounder are composed in a formal
way using the theorems presented in Section 2. We do not describe the construction and
veripcation in detail, since this would be too long; again, we refer the reader to [31,41].

3.2.1. Rounder interface. Let (s, &, fp) bethe factoring represented by the rounder inputs
(i.e., the input bitvectors interpreted as numbers in the appropriate way), ard:3et
[s, e, fo] be its valuex does not need to be the exact result of the operation, but only an
-equivalent approximation with ~ &.(x) S P, see Section 2.5.
The input factoringg, e, fo) does not need to be a normalized factoring. We only require
the following three input conditions in order to prove the correctness of the rounder.

1. The value to round is not zero, i.&.= 0. This impliesfy > 0. If an operation yields
zero as exact result, this has to be handled as special case by the unpacker.
2. If the exponent exceedsay, the signibcand must be normal:

&> emax = f 1 (12)

The purpose of this requirementis to facilitate the detection of overf3ows before rounding:

if the exponenéexceed®nax, anhoverlRow before rounding has occurred regardless of the

signibcandf, since by (12) the overf3ow is not compensated by a denormal signiPcand.
3. The resulk lies in a range such that in case of trapped underf3ows or trapped over3ows

before rounding the wrapped result lies strictly betwe@mand 2max, This guarantees

that after wrapping the rounded result is in the range of representable numbers. In the

rest of this section, let

y := wrappedx, M , OVFen UNFen).

Werequire:

(TINY(X) UNFer) (OVFpe(X) OVFer =
2°min < |y| < 2°max, (13)
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Figure 5. Rounder.

Figure 5 depicts the top-level schematics of the rounding unit. As suggested by the
decomposition theorem, the rounding is performed by first computing (x) in circuit -
COMPUTATION, then rounding the significand, followed by a post-normalization in the case
that significand rounding yields a significand of 2. In the actual implementation, a sticky-
bit computation is performed on the significand after the -computation (circuit REP). The
hard part of therounding isfinished after post-normalization; thefollowing threecircuitsare
simple. ADJUSTEXP detects and handles trapped overflows after rounding, PACK converts
theresult to IEEE format, and EXPRD tiestheresultto+  or+ X in caseof untrapped
overflows, depending on the sign and rounding mode.

3.2.2. -Computation. The -COMPUTATION circuit® is the most complex circuit in the
rounder. Its task is to compute an approximation of the IEEE factoring (y) under the
above rounder input constraints and the further condition that no untrapped overflow before
rounding occurs. Note that (y) isthe |EEE factoring of the potentially wrapped result.

The -CoMPUTATION circuit furthermore computes TINY(x) and OVF(x) flags. The
basic -computation algorithm is as follows:

1. Compute the logarithm of fy using a leading-zero counter; therefrom decide whether
2¢ . fp < 2¢min j.e., whether TINY(x) holds. Furthermore compute OVF e (x) as eg >
emx (0= emax fo 2.
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Figure 6.  Adder.

3.2.3. Rounder correctness. The 128-bit significand f,, computed by the -computation
isthen compressed to the 55-hit f, by a sticky-bit computation. Next, significand rounding
on f, is performed in circuit SIGRD by investigating the 3 least significant bits of f,, and
either chopping or incrementing the higher order bits[31, 41].

If significand rounding changes the significand, the inexact result exception INX is sig-
naled. The correctness of the INX signal follows directly from lemma 16. The INX signa
is agood example of how arich theory on IEEE rounding as in Section 2 enables a very
simple hardware-level verification.

Putting it all together, we get the following correctness theorem for the rounding unit:

Theorem 30. For all inputs obeying the rounder input requirements, the rounder outputs
the correctly rounded (and potentially wrapped) result, and the correct exception signals.

3.3. Adder

Thefloating point adder (figure 6) has | EEE-factorings (s., e., f.) and (s, e, f5) 8Sinputs.
The adder therefrom computes the sum (or difference in case of subtraction) (sy, e, f5)
which isfed into the rounder.

Since the unpacker embeds single and double precision inputs into the same internal
format, we do not distingui sh between single and doubl e precision in the adder. The rounder
will round the result to the appropriate precision. We therefore fix P = 53 in this section.

3.3.1. Addition algorithm. Leta ;= [s,, e, fu]landb = [[sp, ep, f] bethevaluesof the
operands. To simplify the description, we assume that the adder shall perform an addition.
If it shall perform asubtraction, b is replaced with Sb by inverting the sign bit s,.

The exact sumisdenoted by S := a + b. Weassume S = 0. The specia case S = Ois
handled by the unpacker.

Theinformal description of the addition algorithm is

1. Thelarger of ¢, and ¢, isthe result’s exponent ;.
2. Assumethate, ¢,, otherwise swap a and b.
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3. Align the signibPcandy, by shiftingit := e, S e, to the right: fy = 25 .

4. Add both signibcands with respect to the sign bifs= (S1)%®-fy + (S1)%-f,.
5. The resultOs signipcandis=| f|.

6. The resultOs signds:= s,  (f, < 0).

As the alignment shift in step 3 would require a shifter of sizg S emin 2%, this is
impractical. We therefore approximate the shifted signibcand By(s+ 1)-representative:

fo = [25 - fols(pr)-
From Theorem 27 we know that it sufpces to supply a value to the rounder that is
equivalent to the sur, where = &(x) S P. We prove the following theorem to show
that the addition algorithm satisbes the rounder input requirements:
Theorem 31. Leté:= &(S).

S &p 2% ((S1™-fa+ (S1)*-fy). (14)
The adder also fulblls the requireme(i2) and (13).

Proof: By dePnition, we have

S= [Sa €, fal + [S &, Tol
(S1)%-2%-fa+ (S1)*-2%-fy
2% (S1) - fa+ (S1)-25 - fy).

The claim (14) is therefore equivalent to
25 (B> fa+ S1® 25 fy) spsg 22(SDT fat (SV*f,). (15

Assume < 2. Sincef, is a representable signibcand with at mes$ 1 fractional digits,
we have

fp = [2é “folspr1y = 25 . fp.

This proves (15) for this case. Now let 2. By the dePnition off,, we have
25y gpe fo

Successively rewriting with lemma (i8,v,vi) yields

S1®2%5 By eapry (S22,
(S1)= 2% fa+ (S1)®2%° -fy ey (S1)* 2% fa+ (S1)>-2%- 1.
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By lemma3.3.2 below wehavee S P ¢, S (P + 1). Lemma 18(vii) now implies
SV -2-f,+ (S1"-245 - fy s5p (SU -2 f, + (S -2 f,.

This proves (15). The requirement (12) is fulfilled trivially. Requirement (13) is proved

by bounding the magnitude of the sum (or difference) of representable numbers. O
Lemma32. Let =e¢,Se 2
eSP ¢S(P+1). (16)

Proof: By Lemmad4, (16) isequivalent to

e

"e(8) = | logy |(S 1) 2% f, + (S1)*-2-fy] | e, S L

Since the operands are |EEE factorings, f, < 2. Since 2, we have 25 ‘—11. Together,
thisyields

25 fp < Z_2L

Sincee, emn,and = e,Se, 2, weknowthate, > emin, andhence f, 1. Wenow
have

ISy £+ S1»-2° -f,| 1.

Multiplying with 2% and taking logarithms yields (17). The floor brackets - may be
dropped since e, S 1isinteger. 0

The representative [2é - fo]s(p+ 1) can be computed with ashift distance limited to B (we
later fix B = 63).

Lemma33. For B> P,let = min(, B).
[25 - filsren = [2° - filsren

Proof: Thecase Bistrivial,since = .Let > B> P.Thenby Lemma 18(ix),
we have

[25 folspry = 25(P+2) = 28 - fols(p+ 1)

sinceboth 25 - f, and 25 - f;, are smaller than 25(°* . 0
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Figure 8. PV Simplementation of circuit LIMIT and correctness lemmas.
Thisis equivalent to

22518 as =Sas] S 1
Replacing [-] with -, we have

228 as =S (as S2%2. as[11]).

JACOBI AND BERG

Thisis true because as[11] [as] < 0. For [as] O, wehaveto prove [as] = as

where as[11] = O, whichistrivial.

O
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The second part of themaiT circuit limits as; to 63. If one of the high order bits
as[10: 6] is set, thenas, > 63. In this case, the low order bits a; are forced tdl by
the OR gate. Otherwise, the shift distanas, is unchanged.

Lemma 35. Theoutputas B of LiMIT satisPes
as = min{ as, , 63}.

Proof: The brst case we look atias, > 63. We have to show
as[5:0] as[ll:6] = 63

In this caseasi[11 : 6] = 000000 hence ag[11:6]= 1.
ag[5:0] 1 =63

This is trivial. In the caseas; 63, we have to show
as[5:0] ag11:6] = as .

Sinceag[11 : 6]= 00000Qand ag[11:6]= 0, we have

ag[5:0] 0 = as .

3.4. Multiplier and divider

The basic algorithm for multiplication is to add up the exponents and multiply the signib-
cands. Since denormal input operands are normalized within the unpacker (cf. Section 3.1),
this yields a result signibcand in the interval ), and hence the rounder input condition
(12) is trivially fulblled.

For divisions, one subtracts the exponents and divides the signibcands. This yields a quo-
tient signibcand in the interva%(Z). In order to yield a signibcand in[4) to match (12),
the signibcand is multiplied by 2, and to compensate for this the exponent is decremented
by one.

A major bug of [41] is that the multiplication with 2 is missing for divisions. If this
multiplication is omitted, a signibcand in the intervél ) is passed to the rounder. Since
the difference of the operand exponents may be lessgharthe rounder input condition
(12) may not be satisped. This leads to unspecibed results of the rounding unit. In order to
implement the multiplication with 2, some circuits and theorems in the multiplicative unit
had to be adjusted.






258 JACOBI AND BERG

The writing of [41] was preceded and accompanied by lecturaleand Paul gave
at Saarland University. In turn, the errors found during the formal veripbcation as well
design improvements have inBuenced the lectures, and PVS is used in computer architecture
COUrses now.

3.7. \eribcation effort

Table 1 lists the effort needed for the veribcation of the different parts ofAhP FPU.

There is a large gap between the number of lemmas and theorems in the PVS proofs and
those from [41]. This is due to two reasons: brst, many seemingly trivial things are not
proved in [41]. This, in particular, includes the width of busses, adders, etc. The lack of
veribcation of these OtrivialO things was source of several bugs in [41].

Second, a lot of the mathematics in [41] is scattered over the continuous text. A large part
of our work was to divide the mathematics in the text from [41] into lemmas. For example,
the -computation circuit within the rounder is described over 12 pages in [41], but has
only 3 lemmas, whereas it has 34 lemmas in PVS.

The complexity of the proofs in the individual parts of the FPU have different sources.
The vast effort in the veriPcation of the theory of IEEE rounding is due to PVSOs limited
arithmetic capabilities. This problem might be solved by new arithmetic strategies [20];
however, these were not available when we did the veribcation. The most time-consuming
part in the veribcation of the FPU datapaths was the veribcation on the level of single
bits. The veribcation of the lowest-level modules was often very tedious. In particular, this
applies to the veribcation of the general purpose circuits (adders, leading zero counters,

Table 1 Veribcation effort for the FPUs.

PVS proofs Mter/Paul [41]
Lemmas Steps Lemmas Pages Steps/Page

General purpose circuits 107 4032 4 23 175
Theory of rounding 266 4808 9 33 146
Unpacker 13 361 0 5 72
Additive unit 180 3928 1 14 280
Multiplicative unit 106 2817 5 18 157
Miscellaneous unit 33 1616 1 20 81
Rounder 98 4008 5 22 182
Various lemmas 123 895
Pipelining of the FPUs 120 3471

1046 25936 25 135 192

The table compares the veribcation effort in PVS measured as the number of lemmas and the
number of interactive proof commands with the number of lemmas and pages in [41]. All in all,
the PVS specibcations of the FPU take 374 kB of source, and the proof scripts take 1.1 MB
(excluding whitespace).
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5. Implementing the FPU on an FPGA

In this section we describe the implementation and test of our FPU on a Xilinx FPGA.

5.1. Implementation

Our group has developed a tool called pvs2hdl which automatically translates hardware
descriptions from PVS to the hardware description language Verilog. The combinatorial
hardwareisdescribed in PV S as exemplarily shown infigure 8. For the handling of clocked
circuits and more details about the translation, we refer the reader to [8].

Using the pvs2hdl tool, we have implemented all three FPUs on a Xilinx Virtex-E-
2000 FPGA.. The complete hardware was automatically generated, except for the interface
hardware needed for the communi cation between the FPGA and ahost PC. We havereplaced
our PV S adders, incrementers, and multipliers with Xilinx-specific macros, since these use
special FPGA resources and hence use far less area then the counterparts generated from
our PV S implementations.

The trandation of the multiplicative floating point unit from PVS to Verilog yields a
design requiring 4243 FPGA dlices. This accounts for  25% of the Virtex-E 2000 area.
The registers within the FPU have 1637 bits. The Xilinx software reports a gate-count of
88,000. The gate-model from [41] estimated a gate-count of 87,000, i.e., it is pretty close
to the actual FPGA size. The maximum clock frequency is 16.8 MHz.

Thecritical path isonthe significand path in thefirst rounder stage. It involves aleading-
zero counter on the input significand, a 13-bit adder, and a 53-hit cyclic shifter for the

-computation, and a 103-bit or-tree for the sticky-bit computation. Nearly 80% of the
delay are due to routing, only 20% are due to logic delay. These results have been obtained
without guiding the place-and-route with afloorplan, though this could significantly reduce
the delay of the FPU. However, since our main objective is not on speed but on correctness,
we have not yet considered floorplanning.

The additive FPU occupies 1545 dlices and runs at 17 MHz. The Misc-FPU occupies
1211 dlicesand runs at 16 MHz.

5.2. Testing the implementation

We have run several 100,000 random test-vectors on the FPGA implementation of the FPU.
The FPU worked correctly from the beginning; no debugging was necessary. We have
compared the results of the test-vectors with the Intel FPU inside the Pentium |1 processor
in the host PC. We found two sources of discrepancies between our and Intel’s FPU. First,
some operations involving NaNs are handled differently. However, the IEEE standard [28]
isunder-specifying in these cases, so that both our and Intel’s FPU conform to the standard.

The second source of discrepancies revealed a non-trivial difference of Intel’s FPU to
ours. Internally, the Intel FPU always operates with an extended precision exponent width
of 15 bits. The difference occurs if a double precision operation yields an exponent which
is less than the double precision 11-bit emin, but greater than the 15-bit e, (Similarly for
single precision resultswith 8-bit exponent). In IEEE rounding, the significand of thisresult
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has to be denormalized with respect to the 11ehit before rounding. In our rounding unit
this is accomplished in the-coMPUTATION (Section 3.2). On IntelOs FPU, however, the
result is brst rounded to the target 53-bit signibcand precision, but with the internal 15-bit
exponent. In a second step, this intermediate result is denormalized. The denormalization
shifts out some of the signibcand bits, and the denormalized signibcand is then rounded
again. This twofold rounding can produce different results than one-step rounding [37].

For example, assume that the normalized signibcérid of the formf = --. 00101,
where the @sign denotes the least representable bit, i.e., the signibcand bit with weight 2
Let the corresponding denormalized signibcand be ---00 101, i.e.,f is obtained by
denormalizingf by one bit. For IEEE rounding in round to nearest mofids rounded up
tofy=---01.In Intel®s FPU, the normalizéds brst rounded down tég; = - - - 001.
This intermediate result is then denormalized t000 1. This results in a tie for rounding
to nearest, and hence is rounded to the nearest representable number with least signibcant
bit zero, which is - - 00 . This differs from f,; in the least signibcant representable bit.

We also have tried these operations on AMD processors, which yielded the same results
as IntelOs FPU. Nevertheless, the results are still IEEE compliant because of Section 4.3 of
the standard [28]:

Normally, a result is rounded to the precision of its destination. However, some systems
deliver results only to.( .) extended destinations. On such systems the usey ¢hall

be able to specify that a result be rounded instead to single precision, though it may be
stored in the (..) extended format with its wider exponent range.. ).

Inour interpretation, the last sentence also applies if the actual destination is double precision
which is stored in extended format. A footnote to the above further claribes:

Control of rounding precision is intended to allow systems whose destination is always
(...) extended to mimic, in the absence of over/underf3ow, the precisions of systems with
single and double precision.

The x86 architecture allows the control of the precision to which the signibpcand is rounded.
Only in case of underfBow in the actual destination, the double rounding effect described
above can occur. Hence, both Intel®s/AMDOs FPU behavior as well as our behavior is IEEE
compliant.

The described problem is known to Intel [23]. IntelOs Itanium architecture allows the
programmer to control both signibcand precision and exponent width, thus enabling to
choose real double or single precision behavior without the extended precision artifact.

6. Related work

The veribcation of Boating point algorithms and hardware using formal methods has re-
ceived considerable attention over the last years.

As mentioned before, the formalization of the IEEE standard that we use is based on
[21, 38, 41]. The notion of factorings, round decomposition, arehjuivalence is taken
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not reRect the IEEE standard in an obvious way. Denormals and exceptions are not covered
in the paper. In fact, in our tests of our FPU against the Intel FPU we have encountered
differences in the rounding of denormal numbers, which are due to discrepancies of IntelOs
rounding to the IEEE standard (Section 5.2).

In [1], Aagaard et al. report on the veribcation of gate-level implementations of iterative
algorithms. Among other circuits, they verify Roating point square root, division, and re-
mainder operations. They do not give details on the specibcation against which the circuits
are veriped.

In [33], Kaivola and Kohatsu report on the veribcation of IntelOs Pentium 4 Roating point
divider. The main focus of their paper is not the actual divider veribcation, but the challenges
formal veribcation has to overcome in an industrial setting. In [34], Kaivola and Narasimhan
describe the formal veribcation of the Pentium 4 multiplier from a similar perspective. The
veripcation covers exception signals, but does not cover denormal humbers.

Cornea-Hasegan [17,18] describes algorithms for the computation of division and square
root by Newton-Raphson iteration in the Intel FPUs. The veribcation is done using paper-
and-pencil proofs supported Iathematicaacomputer algebra system.

In [13], Chen et al. verify the correctness of sub-circuits of Intel®s Pentium Pro Boating
point unit. They leave out the composition of these sub-circuits, and the formal reasoning
why this composition is correct. In fact, the OveribedO Pentium Pro had a bug in conversion
from RBoating point to integer format, the so-calletET bug [29]. According to [42], the
bug has escaped the veribcation in [13] because Chen et al. did not formally compose all
parts of the system. Itis therefore comparable to thlédRaul [41] division bug described
in Section 3.4, which is also due to not Oputting it all togetherO in a formal way.

7. Summary and discussion

We have formally veribed an IEEE compliant 3oating point unit. The supported operations
are addition, subtraction, multiplication, division, comparison, and conversions. The FPU
handles denormals and exceptions as required by the IEEE standard. The hardware has been
veribed on the gate level with respect to a formal description of the IEEE standard using
the theorem prover PVS. The designs and proofs scripts are publicly available [48].

We tackle the veribcation from three sides. First, we formalize the IEEE standard and
develop arich library of debnitions and theorems about IEEE rounding. These debnitions
and theorems later enable the simple decomposition of the hardware into smaller building
blocks that can be veribed independently. For example, the concefgtmfivalence allows
us to decompose the whole FPU into computation units like the adder from Section 3.3, and
rounding unit (Section 3.2). The adder and the rounder have been veribed independently
by the two authors, using the rounder interface from Section 3.2.1.

Secondly, we verify the algorithmic correctness of large building blocks on the level of real
numbers rather than on bits and bitvectors. A good example for this is Theorem 31, which
states the correctness of the addition algorithm. This theorem enables the further decompo-
sition of the adder block into smaller sub-blocks, as shown in bgure 6. The correctness state-
ments of the individual blocks, e.g., Lemma 35 about circuitt (Pgure 7), are then com-
posed to the correctness theorem of the adder using the algorithmic correctness theorems.
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After the decomposition of the hardware into smaller blocks, in the third track the small
blocks are composed from general purpose building-blocks like adders, OR-trees, leading
zero counters, etc. We have developed alibrary of such general purpose circuits [7]. With
each circuit comes an algebraic correctness statement, stating for instance, that the leading
zero counter counts the numbers of leading zeros correctly. Blocks like the LIMIT circuit
are built from such general-purpose circuits. The correctness proof of LiMIT dependson the
correctness theorem of the OR-tree (cf. Lemma 35). In order to establish the correctness
of this lemma, the gates hidden in the OR-tree are not considered, they are encapsulated
in the correctness statement of the OR-tree. Most of the gates in the FPU are hidden in
general-purpose circuits in that way.

The proofs in PVS used paper proofs from [41] as guidelines. However, some of the
proofsin [41] were erroneous, and most proofs had gaps which needed to befilled in PVS.
Those gaps hid errorsin the design in [41]. Having formally verified the proofs (and filled
the proof gaps) in PV S gives us the certainty that the hardware is now correct with respect
to its specification.

The amount of work needed to develop the PV S IEEE library and hardware description
and the proofs was roughly three man-years. Since theorem proving strongly profits from
experience, we think we would succeed in at most half the time now on a comparable
project.

The FPU verification did work very well in the general purpose, interactive theorem
prover PVS. However, parts of the verification were very technical and tedious. Thisapplies
in particular to verification on the level of single gates. The PVS verification of complex
hardware such as our FPU could benefit from theintegration of more automatic verification
methodsonthelowest hardwarelevel (e.g. ACV [11]). Onecould verify small modulesusing
such automatic methods, and apply interactive theorem proving only to the composition of
such modulesto larger units. Thiswould turn PV Sinto avery powerful hardwareverification
system.

Acknowledgments

The authors would like to thank Sven Beyer, Daniel Kroning, Dirk Leinenbach, Silvia
Milller, Wolfgang Paul, and Jochen Preif3 for valuable discussions.

Notes

. Theterm -equivalence isnot related to theterm asused in  -calculus.

. We omit the proofs if they are trivial or the claimsfollow directly from previous lemmas.

. norm ¢ () denotes the f-component of the triple norm(); analogous for other functions and components.

. Wedistinguish+ 0 and S0in our theory of factorings, but for the conversion from real sto factorings we convert
0 Rto+0.

. The test-program is available at the project website [48].

. In[41], -computation is called normalization shift. \We believe this term is confusing, since -computation
does not always normalize but may de-normalize the inputs in some cases.
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